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Strong gravitational lensing and black hole quasinormal modes: Towards a
semiclassical unified description
Bernard Raffaelli, ∗
We examine in a semiclassical framework the deflection function of strong gravitational lensing,
for static and spherically symmetric black holes, endowed with a photon sphere. From a first-order
WKB analysis near the maximum of the Regge-Wheeler potential, we extract the real phase shifts
from the S-matrix elements and then we derive the associated semiclassical deflection function, char-
acterized by a logarithmic divergent behavior. More precisely, using the complex angular momentum
techniques, we show that the Regge poles and the associated greybody factor residues, for a mass-
less scalar field theory, from which one can recover the black hole quasinormal complex frequencies
as well as the fluctuations of the high energy absorption cross section, play naturally the role of
critical parameters in the divergent behavior of the semiclassical deflection function. For very high
frequencies, we finally recover the logarithmic part of the classical strong deflection limit, which clar-
ifies analytically the fundamental link between quasinormal modes and strong gravitational lensing,
suggested in recent works.
PACS numbers: 04.70.-s, 04.50.Gh
I. INTRODUCTION
Since the pioneering work of Darwin [1], strong gravita-
tional lensing by compact objects with a photon sphere,
such as black holes (BH) and naked singularities, has
been extensively studied, mainly motivated by indica-
tions of the presence of supermassive BH at the center
of galaxies. It is well-established that strong lensing is
related to photons passing close to the photon sphere
and being able to circumvent multiple times the BH be-
fore eventually reaching an observer. Besides numerical
studies [2, 3], the strong deflection limit (SDL) has been
suggested as an analytical logarithmic approximation to
describe the singular behavior of the strong lensing de-
flection function for photon impact parameters close to
the critical impact parameter of the BH, allowing to de-
scribe relativistic images, magnifications and time delays.
SDL has been rediscovered several times [4, 5] and gen-
eralized to any asymptotically flat, static and spherically
symmetric BH [6], before being extended to Kerr BH
[7–9] or applied to alternative theories and string the-
ory [10–12]. For a review on gravitational lensing, we
refer the reader to [13]. On the other hand, it has been
shown geometrically and semiclassically [14–20] that the
weakly damped quasinormal modes (QNM) of a BH are
also intimately related to its photon sphere and hence
to the properties of this hypersurface, support of unsta-
ble circular null geodesics. It is then very important to
point out the obvious fundamental role played by the
photon sphere in both strong gravitational lensing and
the physics of QNM, leading one to think, in a very nat-
ural way, of a link between these two phenomena, which
are nothing else than different aspects of the more gen-
eral scattering theory by BH [21, 22]. This has been first
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underlined in [23], then in [24] and [25], by formally com-
paring the strong lensing parameters, introduced in [6],
with the eikonal limit of the QNM complex frequencies
and with the expression of the high energy absorption
cross section. However an analytical proof is still miss-
ing. In this paper, using a semiclassical approach, we
propose to unify the description of both phenomena and
to understand analytically the link between the logarith-
mic divergence of the SDL and the QNM. More precisely,
considering the simple case of a massless scalar field in
a static and spherically symmetric background endowed
with a photon sphere, and using a first-order WKB anal-
ysis [26, 27] to solve the radial wave equation, we extract
the real phase-shifts introduced by the Regge-Wheeler
potential, from which we derive the singular part of the
semiclassical deflection function [28, 29]. Then, by an-
alytically extending the results into the complex angu-
lar momentum (CAM) plane, we emphasize the explicit
role of both the Regge poles and the associated greybody
factor residues as critical parameters in the expression
of our semiclassical deflection function. Finally, knowing
that one can compute the QNM complex frequencies from
the Regge poles and the related Regge trajectories in the
CAM plane [20], this approach then allows us to prove on
an analytical basis, the identification of the SDL param-
eters with the QNM complex frequencies in the eikonal
limit, made in [23–25].
The paper is organized as follows. In Sec. II, we recall
some results about classical and semiclassical deflection
functions in BH physics, and we introduce some nota-
tions and assumptions related to the SDL and to a scat-
tering analysis within the CAM framework. In Sec. III,
we use the WKB approach developed in [26, 27] that al-
lows us to extract the real phase shifts introduced by the
Regge-Wheeler potential, from which one can describe
the singular logarithmic behavior of the semiclassical de-
flection function. In Sec. IV, we consider an analytical
extension of the previous results into the complex angu-
2lar momentum plane, first to show the natural transition
between the physics of QNM and the SDL, and then to
emphasize the role of the Regge poles and the associ-
ated greybody factor residues in the expression of the
singular logarithmic part of the semiclassical deflection
function. Considering the eikonal limit of our results, we
recover the singular part of Bozza’s deflection function.
Finally, in Sec. V, we extend our results to the example of
the Schwarzschild-de Sitter BH, showing the effect of the
cosmological constant in the singular part of the SDL, as
well as the limits of our work. Throughout this paper,
we shall use units such that ~ = c = G = 1 and we shall
assume a harmonic time dependence exp(−iωt) for the
massive scalar field.
II. GENERALITIES AND NOTATIONS
We consider a static spherically symmetric four-
dimensional spacetime with metric
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dσ2. (1)
Here dσ2 denotes the line element on the unit sphere S2.
In Eq. (1), we assume that f(r) is a function of the usual
radial Schwarzschild coordinate r satisfying the following
properties:
• There exists an interval I =]rh,+∞[⊂ R with rh >
0 such as f(r) > 0 for r ∈ I.
• rh is a simple root of f(r), i.e. f(rh) = 0 and
f ′(rh) 6= 0 and f ′′(rh) > 0.
• There exists a value rc ∈ I such as rcf ′(rc) −
2f(rc) = 0 and r
2
cf
′′(rc)− 2f(rc) < 0
These assumptions indicate that the spacetime consid-
ered has a single event horizon at rh. Its exterior corre-
sponds to r ∈ I and it is endowed with a photon sphere
(support of unstable circular null geodesics) located in
rc. If we want to work with an asymptotically flat space-
time, which will be needed to define an S-matrix or to
consider Bozza’s SDL, we need to impose the condition
lim
r→+∞
f(r) = 1. (2)
In the following, every quantity evaluated at r = rc will
be noted with a subscript c, as in f(rc) = fc, and we
introduce from now on the parameters ηc defined by
ηc =
1
2
√
4fc − 2r2cf ′′c (3)
which represents, as suggested by the third of our previ-
ous assumptions, a measure of the instability of the cir-
cular orbits lying on the photon sphere. For more details
about this parameter and its link with the Lyapunov ex-
ponent corresponding to the unstable circular orbits, we
refer the reader to [20] and references therein.
A. The classical deflection function in the SDL
In [6], Bozza derived an expression of the deflection
function in the SDL for static and spherically symmetric
gravitational lenses with a photon sphere. The back-
ground is supposed to be asymptotically flat with the
source and the object located “far away” from the BH,
i.e. in the asymptotically flat region of the background.
From the null geodesic equation of a free-falling massless
particle of energy E and angular momentum L, which
are the two integrals of motion associated with the sym-
metries of our problem, one can easily obtain the integral
expression of the deflection function
Θ(r0) = −π + 2b
∫ +∞
r0
dr
r2
(
1− f(r) b
2
r2
)−1/2
, (4)
where r0 is the classical turning point and b = L/E =
r0/
√
f(r0) is the impact parameter of the particle, which
depends explicitly on r0. We chose the same signs con-
vention as in [6]. Then, the deflection function can be an-
alytically approximated in two limiting cases: the weak
deflection limit for photons passing at large distances
from the BH, and the SDL. In the latter case, one can
see from Eq. (4) that, around the classical turning point
r0, the integral diverges if r0 coincides with rc, the max-
imum of the effective potential Veff(r) = L
2f(r)/r2, i.e.
the location of the photon sphere. This divergence is of
logarithmic nature and a detailed treatment of this sin-
gular behavior can be found in [6]. One then obtains in
the SDL case
Θ(b) = −π + c1 ln
(
b
bc
− 1
)
+ c2 + O
b→bc
(
b
bc
− 1
)
, (5)
where bc = rc/
√
fc is the critical impact parameter of
the BH, c1 = −1/ηc is called the SDL coefficient in this
paper, and c2 a constant depending on bc, fc, ηc and on
the background geometry from rc to spatial infinity. It
should be noted that the singular logarithmic behavior
near a critical parameter, be it in a classical [1, 6] or a
semiclassical framework [28, 29], is a universal feature for
every deflection function of the form
Θ(b) ∝
∫ ∞
r0
dr
r2
[1−W (r, b)]−1/2 , (6)
where b is a real parameter and r0 is the classical turning
point of the problem, such asW (r0, b) = 1, defining b(r0).
If r0 tends to rc, with rc the maximum of the function
W (r, b), then a Taylor expansion ofW to the second order
in (r0− rc) allows to readily show that Θ indeed diverges
logarithmically.
B. Partial waves and Regge-Wheeler equation
In this section, we consider a massless scalar field Φ
on a static and spherically symmetric background de-
fined by Eq. (1). The Klein-Gordon wave equation,
3✷Φ = 0, reduces, after separation of variables and intro-
duction of the radial partial wave functions Φℓ(r) with
ℓ = 0, 1, 2, . . . , to the Regge-Wheeler equation
d2Φℓ
dr2∗
+
[
ω2 − Vℓ(r)
]
Φℓ = 0. (7)
The variable r∗ = r∗(r) is the well-known tortoise coordi-
nate defined, for r ∈ I, by the relation dr∗/dr = 1/f(r)
which provides a bijection from I to ] − ∞,+∞[. In
Eq. (7), Vℓ(r) is the Regge-Wheeler potential associated
with the massless scalar field
Vℓ(r) = f(r)
[
ℓ(ℓ+ 1)
r2
+
1
r
f ′(r)
]
. (8)
It should be noted that limr→rh Vℓ(r) = 0 and
limr→+∞ Vℓ(r) = 0. Therefore the solutions of the radial
equation (7) have an exp(±iωr∗) behavior at the horizon
and at infinity. In other words, for a given angular mo-
mentum index ℓ, a general solution of the Regge-Wheeler
equation (7), satisfies the following asymptotic behaviors:
Φ
(−∞)
ω,ℓ (r∗) ∼r∗→−∞ e
−iωr∗ (9)
which is a purely ingoing wave at the event horizon, and
which has the following general expression at spatial in-
finity r∗ → +∞
Φ
(+∞)
ω,ℓ (r∗) ∼r∗→+∞ Aine
−iωr∗ +Aoute+iωr∗ . (10)
Moreover, considering the wronskian of two linearly inde-
pendent solutions of Eq. (7) at r∗ = ±∞, like for example
Eq. (10) and its complex conjugate, one obtains
1 + |Aout|2 = |Ain|2 . (11)
Finally, introducing the more usual transmission and re-
flection amplitudes Tℓ and Rℓ defined by
Tℓ =
1
Ain
and Rℓ =
Aout
Ain
, (12)
we can rewrite Eq. (11) in the more familiar form
|Tℓ|2 + |Rℓ|2 = 1. (13)
It is worth recalling that the transmission amplitudes
Tℓ(ω) permit us to construct the greybody factors (the
absorption probabilities by the BH for scalar particles
with energy ω and angular momentum ℓ). They are de-
fined according to
Γℓ(ω) = |Tℓ(ω)|2 = 1|Ain|2 , (14)
while the reflection coefficients Rℓ(ω) are linked to the
S-matrix elements, noted Sℓ(ω), of our spherically sym-
metric problem through
Sℓ(ω) = (−1)ℓ+1Rℓ(ω) = (−1)ℓ+1Aout
Ain
. (15)
From Eqs. (9) and (10), a QNM, which is defined as a
purely ingoing wave at the event horizon and a purely
outgoing wave at infinity, corresponds to Ain = 0. It has
been shown in [17, 19, 20] (and references therein) that
the S-matrix permits to analyze the resonant aspects of
the considered BH as well as to construct the form factor
describing the scattering of a monochromatic scalar wave.
C. The semiclassical deflection function
The deflection function is an important notion in scat-
tering problems. Ford and Wheeler gave a very detailed
description in their seminal work on semiclassical scat-
tering [28]. Over the past few decades, it has been
shown that their formalism can easily be extended to BH
physics. In particular, the semiclassical deflection func-
tion can be defined from the S-matrix elements Sℓ, with
ℓ supposed to take on real continuous values. It corre-
sponds to the angle Θ(ℓ) by which a partial wave, with
angular momentum ℓ, is scattered by a BH. It reads
Θ(ℓ)
def
=
d
dℓ
arg [Sℓ] . (16)
With Eq. (15) and taking into account the same signs
convention for the deflection function as in [6], Eq. (16)
can also be written as
Θ(ℓ) = −π + d
dℓ
arg
[
Aout
Ain
]
. (17)
It should be noted that it is often more convenient to
write the S-matrix elements as Sℓ = e
2iδℓ , where δℓ ∈ C
are the related phase shifts, when one has to work with
the scattering amplitude. In such case, the deflection
function reads
Θ(ℓ) = 2
d
dℓ
Re [δℓ] . (18)
To solve Eq. (18), Ford and Wheeler suggested to con-
sider phase shifts δℓ approximated by a one turning point
WKB definition, δWKBℓ [28, 29]. One then recovers, from
the right hand side of Eq. (18), the deflection function of
classical physics, i.e. Eq. (6), by introducing an effective
impact parameter for each partial waves
b =
ℓ+ 1/2
ω
. (19)
However, the Regge-Wheeler potential has two turning
points and such a procedure can’t be used in our context.
It should be noted that in [30], the authors suggested to
reduce the BH scattering problem to a one turning point
problem by considering the limit ℓ/ω → +∞. Indeed, in
this limit, the scattering is mainly due to the outer turn-
ing point, allowing to derive a one turning point WKB
approximation for the phase shifts (similiar considera-
tions, for the acoustic BH, can be found in [31] where
4a Born approximation is equivalently used). The ex-
pression obtained for the deflection function eventually
matches the classical expression given by Eq. (4), albeit
only at large distances, as expected from the ℓ/ω assump-
tion. However, some years ago, Schutz, Will and Iyer
[26, 27] developed a WKB analysis which is particularly
well-adapted to BH physics, allowing us to treat properly
the two turning points problem near the maximum of
the Regge-Wheeler potential. Actually, this WKB anal-
ysis has been the starting point used in the semiclassical
study of the weakly damped QNM in [19, 20] within the
CAM theory framework, and we will also use it in the
following section.
III. WKB ANALYSIS: PHASE SHIFTS AND
REGGE POLES
A. First-order WKB analysis: induced phase shifts
The classical deflection function approximated in the
SDL by Eq. (5) has been obtained in the geometrical,
i.e. eikonal, framework of General Relativity. There-
fore, to recover the logarithmic singular behavior from
semiclassical methods, it should be reasonable to con-
sider a first-order WKB approximation. To do so, we
follow carefully the WKB analysis introduced in [26, 27]
mentioned in the previous section, close to the maximum
of the Regge-Wheeler potential. We start by writing the
general solutions (see Eq. (3.5) of [27]) of the scalar field
at the horizon and at infinity in the following form
Φ
(−∞)
ℓ,ω (r∗) ∼r∗→−∞ Z
III
in Φ
III
+ + Z
III
outΦ
III
−
Φ
(+∞)
ℓ,ω (r∗) ∼r∗→+∞ Z
I
inΦ
I
− + Z
I
outΦ
I
+, (20)
where the superscript “I” denotes the region from the
horizon to the inner turning point, “III” is the region
from the outer turning point to infinity and the subscripts
“in” and “out” represent respectively the ingoing and
the outgoing components of the wavefunction Φ. For
more details about the notations, we refer the reader to
[27]. In this paper, we introduce a function E ∈ R (with
iE(ℓ, ω) = (ν + 1/2) in Iyer and Will’s notations), which
reads at first WKB order:
E(ℓ, ω) = ω
2 − V0(ℓ)√
−2V ′′0 (ℓ)
, (21)
where V0(ℓ) and V
′′
0 (ℓ) are respectively the Regge-
Wheeler potential and its second derivative, evaluated
at the maximum (r∗)0 of Vℓ(r∗). We finally obtain a
connection formula (see Eq. (3.33) of [27]), written as:
(
ZIIIout
ZIIIin
)
=
( −ie−πE(ℓ,ω) e−iφ(ℓ,ω)(1 + e−2πE(ℓ,ω))1/2
eiφ(ℓ,ω)(1 + e−2πE(ℓ,ω))1/2 ie−πE(ℓ,ω)
)(
ZIout
ZIin
)
, (22)
where φ(ℓ, ω) ∈ R is defined by
φ(ℓ, ω) = E(ℓ, ω)− E(ℓ, ω) ln |E(ℓ, ω)|
+arg [Γ (iE(ℓ, ω) + 1/2)] , (23)
and Γ is the gamma function, not to be confused with
Γℓ, the greybody factors introduced previously. With
Eqs. (9) and (10), we have ZIin/Z
III
out = Ain, Z
I
out/Z
III
out =
Aout and of course, for a BH Z
III
in = 0. In particular, from
Eq. (22) and because the functions E and φ are real, one
has
arg
[
Aout
Ain
]
= −π
2
− φ(ℓ, ω). (24)
As a consequence, according to Eqs. (17), (23) and (24),
we conclude that the main contribution describing the
logarithmic divergent behavior of the deflection function
Θsing is
Θsing(ℓ, ω) ∼ dE(ℓ, ω)
dℓ
ln |E(ℓ, ω)| . (25)
Here, the function E(ℓ, ω) plays obviously an important
role in the semiclassical computation of Θsing. Actually,
E(ℓ, ω) appears to be the key function for the purpose
of this paper because, as we will see next, it is also be-
hind the computation of the Regge poles, from which
one is able to describe semiclassically the QNM complex
frequencies.
B. Regge poles and Quasinormal modes
In this paper, we consider the description of QNM
through the CAM theory [20] which is the most relevant
approach for our purpose. Within the CAM framework,
the QNM are considered as generated by a family of “sur-
face waves” lying close to the BH photon sphere at rc,
and the corresponding QNM complex frequencies are in-
terpreted as Breit-Wigner-type resonances. To work in
the CAM plane, we transform the angular momentum ℓ
into a complex variable λ = ℓ + 1/2, for every ω > 0.
The functions Tℓ, Γℓ defined by (14), Rℓ and Sℓ, intro-
duced in Eq. (15), as well as E(ℓ, ω) can be analytically
extended into the complex λ−plane, giving respectively
the analytical extensions Tλ−1/2, Γλ−1/2, Rλ−1/2, Sλ−1/2
5and E(λ− 1/2, ω). The Regge poles, from which one can
recover the QNM complex frequencies, are the poles in
the CAM plane of the function T (an equivalently of Γ,
R and S), i.e. satisfying the condition Ain = 0. In par-
ticular, we have from Eqs. (14) and (22)
Γλ−1/2(ω) =
1
1 + exp[−2πE(λ− 1/2, ω)] . (26)
The Regge poles are then the solutions λn(ω) of the equa-
tion
E(λn − 1/2, ω) = i(n− 1/2) with n ∈ N \ {0} (27)
(here we consider the poles lying in the first quadrant of
the complex λ-plane, see [20]). One can also easily prove
that the corresponding residues are given by
γn(ω) =
1/2π
[dE(λ− 1/2, ω)/dλ]|λ=λn(ω)
. (28)
However, in the following, in order to simplify our nota-
tions, we introduce ρn(ω) such as
ρn(ω)
def
=
1
2πγn(ω)
=
dE(λ − 1/2, ω)
dλ
∣∣∣∣
λ=λn(ω)
. (29)
Using Eq. (21) and other higher WKB orders [18, 20, 32],
in the range of λ such as |λ| ≫ 1, Reλ ≫ Imλ and
|d/dωReλn(ω)| ≫ |d/dω Imλn(ω)|, one can finally write
their respective high frequency expressions
λn(ω) =
rc√
fc
ω + iηc(n− 1/2) + an/2
(rc/
√
fc)
1
ω
+ O
ω→+∞
(
1
[(rc/
√
fc)ω]2
)
(30a)
γn(ω) = − ηc
2π
+ i
ac(n− 1/2)/2π
(rc/
√
fc)
1
ω
+ O
ω→+∞
(
1
[(rc/
√
fc)ω]2
)
(30b)
ρn(ω) = − 1
ηc
− iac(n− 1/2)
η2c(rc/
√
fc)
1
ω
+ O
ω→+∞
(
1
[(rc/
√
fc)ω]2
)
, (30c)
where an and ac are defined in the aforementioned ref-
erences. Even though in this paper we restrict ourselves
to the first WKB order, it is still interesting to point out
through Eqs. (30), the higher order terms that should
contribute to strong lensing, for a future study.
From the analytical extension into the complex λ−plane
and the Regge poles expressions, one can have a lot of
information about the weakly damped QNM. Indeed, in
[19] the authors showed that, for a massless scalar field
propagating on a static and spherically symmetric back-
ground, the complex frequencies of the weakly damped
QNM can be obtain analytically from the Regge trajecto-
ries, i.e., from the curves traced out in the CAM plane by
the Regge poles as a function of the frequency ω, because
of the dual structure of the S-matrix elements, function
of both the frequency ω and the angular momentum in-
dex ℓ. In particular, in the complex ω-plane, we denote
the QNM complex frequencies as ωℓn = ω
(o)
ℓn − iΓℓn/2
with ℓ ∈ N, n ∈ N \ {0}, ω(o)ℓn > 0 and Γℓn > 0. The
Regge trajectories then allow us to interpret the Regge
poles as surface waves propagating close to the photon
sphere, with Reλn(ω) providing the dispersion relation
of the nth surface wave and Imλn(ω) corresponding to
its damping. Finally, the excitation frequencies ω
(o)
ℓn and
the widths Γℓn/2 of the resonances are given by the semi-
classical relations
Reλn
(
ω
(0)
ℓn
)
= ℓ+ 1/2 ℓ ∈ N, (31a)
and
Γℓn
2
=
Imλn(ω)
d/dω Reλn(ω)
∣∣∣∣
ω=ω
(0)
ℓn
. (31b)
It should also be noted that with the Regge poles and
the greybody factor residues, one is also able, from an
analytical extension into the complex λ-plane of the grey-
body factors, and using CAM techniques on the partial
wave series expression of the absorption cross section, to
describe analytically the fluctuations of the high energy
absorption cross section for a massless scalar field prop-
agating in a static and spherically symmetric BH with a
photon sphere. Although this point is important to un-
derstand [24], we will not develop this aspect here and
refer the reader to [33] for more details, keeping in mind
that the Regge poles and the greybody factor residues
are the fundamental quantities common to the physics of
QNM, to the fluctuations of the high energy absorption
cross section and to the semiclassical deflection function,
as we will see in the following.
Finally, to conclude this section, let us recall the key role
of the function E(ℓ, ω) in the description of both the (sin-
gular part of the) semiclassical deflection function and
6the QNM through the study of the Regge poles. In the
next section, we perform the natural transition from the
physics of QNM to the SDL and, at the eikonal limit, we
recover the logarithmic part in Eq. (5) of Bozza’s deflec-
tion function.
IV. FROM QNM TO SDL
In Sec. III A, the function E(ℓ, ω) and therefore the
phase φ(ℓ, ω) must be real functions so that one can de-
fine a deflection function Θ(ℓ, ω) with Eqs. (24) and (25).
Therefore, in the analytical extension into the complex
λ-plane, we claim that only the real part of the function
E(λ− 1/2, ω) contributes to the singular logarithmic be-
havior of Eq. (25). More precisely, it is suggested that the
SDL should be described by complex angular momentum
values close to the Regge poles, leading us to perform a
first-order series expansion of E(λ − 1/2) around a pole,
the zeroth order corresponding to the physics of QNM.
In the range of λ used above, we will then consider as a
first approximation that
E(ℓ, ω) ∼ Re [E(λ− 1/2, ω)] . (32)
For λ close to a Regge pole λn(ω), and taking into ac-
count Eqs. (27) and (30c), we obtain at first-order in λ
E(λ − 1/2, ω) ∼ i(n− 1/2) + [λ− λn(ω)]ρn(ω), (33)
which gives for E(ℓ, ω)
E(ℓ, ω) ∼ Re {[λ− λn(ω)]ρn(ω)} (34)
and, as a consequence
dE(ℓ, ω)
dℓ
∼ d
dRe(λ − 1/2)Re {[λ− λn(ω)]ρn(ω)}
= Re [ρn(ω)] . (35)
Therefore, the singular part of the deflection function,
Eq. (25), for λ close to λn(ω), reads in its most compact
form
Θsingn (ℓ, ω) = Re [ρn(ω)] ln |Re {[λ− λn(ω)] ρn(ω)}| .
(36)
Hence, for λ = λn(ω), Θ
sing diverges, which corresponds
to the capture of the photon on the photon sphere from
the strong lensing point of view, while it describes the
generation of surface waves from the QNM point of view.
Before going any further, it should be noted that the
deflection function depends on the angular momentum
ℓ = Reλ − 1/2 as in usual semiclassical physics [28, 29],
but also on the Regge pole λn(ω) and therefore on both
its label n and the energy ω of the massless scalar field. If
the deflection function in Eq. (36) describes strong grav-
itational lensing in the SDL, then it would be natural to
expect, as opposed to classical General Relativity results,
at least from its singular part, new fine effects such as “iri-
descence” due to the frequency dependence, as well as an
additional substructure due to the labeling of the poles.
However, as noted in the previous section, we will focus
in the following, on the first WKB order of the Regge
poles and the associated residues, in order to recover the
singular logarithmic part of the deflection function de-
rived by Bozza. Then, some of these new features will
not be explicit in this paper but will be studied in the fu-
ture, by considering higher orders in the WKB analysis.
Therefore, in the eikonal limit of Eqs. (30) in Eq. (36),
we finally recover Bozza’s logarithmic singular part
Θsing(b, ω) = − 1
ηc
ln
(
b
bc
− 1
)
− 1
ηc
ln
(
bcω
ηc
)
. (37)
It should be noted that we do not recover the c2 term in
Eq. (5). This is mainly due to the asymptotic “plane”
wave behavior (in the tortoise coordinate r∗) in Eqs. (9)
and (10), making the problem equivalent to a “flat”
spacetime semiclassical problem [29], unlike Bozza’s c2
coefficient which depends on the background geometry,
from rc to spatial infinity. Actually, the c2 term seems
to not be linked to any QNM-related quantity in [23] ei-
ther. In other words, the WKB analysis performed in the
previous section, allows to describe, as expected, “local”
physics, i.e. near the maximum of the Regge-Wheeler po-
tential, or “intrinsic” features of the semiclassical SDL,
i.e. independently of the respective distances between
the source, the lens and the observer, as opposed to
the “global” c2 term. Moreover, as in usual semiclassi-
cal study [28, 29], we inherited an unavoidable, intrinsic
ω-dependent logarithmic term. Even though, for very
high frequency, the variation of Θsing with respect to ω,
which goes like ω−1 (at fixed impact parameter b), is
of course negligible, it could affect the observations for a
lower range of frequency. Therefore, for lower frequencies
and at fixed impact parameter b, one could a priori ob-
serve (with future technologies) iridescence due to this ω-
dependent term. But what do we mean by lower frequen-
cies? Is there any lower bound from which iridescence
could be measured through Θ? Actually, if Eq. (37) is
seen as a semiclassical correction of the singular logarith-
mic part of Eq. (5), then one shall compare the intrinsic
ω-dependent term with the “global” c2 term, if the latter
is also a measurable quantity. More precisely, according
to [6], for a Schwarzschild BH of massM = 10M⊙, the ω-
term is of the order of c2 for ω & 6.10
4Hz and for a super-
massive Schwarzschild BH of mass M = 106M⊙, which
will be from an experimental point of view the objects of
interest in the near future, this occurs for ω & 10−1Hz,
which are, in both cases only 10 times greater than the
QNM frequency scales.
7V. EFFECT OF THE COSMOLOGICAL
CONSTANT ON STRONG GRAVITATIONAL
LENSING: THE SCHWARZSCHILD-DE SITTER
BH CASE
In this section, we would like to apply our results
to a 4-dimensional Schwarzschild-de Sitter (SdS) BH of
mass M , of cosmological interest, which describes a non
asymptotically flat spacetime that is therefore outside
the scope of both Bozza’s classical approach and, a pri-
ori, also out of the scope of the S-matrix formalism. In
the SdS BH case, the function f(r) reads
f(r) = 1− 2M
r
− r
2
L2
, (38)
where L is a length linked to the cosmological constant
Λ through Λ = 3/L2. If
0 <
27M2
L2
< 1, (39)
then the equation f(r) = 0 has only two real roots rh and
rCo, such as 0 < rh < rCo. They correspond respectively
to the locations of the BH horizon and of the cosmological
horizon. For any r ∈ [rh, rCo], we have f(r) > 0. Because
the SdS spacetime is not asymptotically flat and f(r) is
positive only in [rh, rCo], Bozza’s classical approach to
SDL and the S-matrix formalism of CAM theory, can’t
be used. However, it is still possible to circumvent this
difficulty:
• First, because of Eq. (38), the Regge-Wheeler po-
tential Vℓ(r), in Eq. (8), satifies now the bound-
ary condition limits: limr→rh Vℓ(r) = 0 and
limr→rCo Vℓ(r) = 0. Since the tortoise coordi-
nate r∗(r) still provides a bijection from [rh, rCo]
to [−∞,+∞], it is then formally possible to define
a “kind of” S-matrix from Eqs. (9) and (10) and
then to consider the associated deflection function
defined by Eq. (17).
• Second, the structure of this S-matrix in the com-
plex ω-plane and in the λ-plane allows us to con-
sider respectively the spectrum of the quasinormal
complex frequencies and the spectrum of the Regge
poles.
• It becomes then possible to link semiclassically the
two spectra with Eqs. (31) by extending a formal-
ism introduced by Sommerfeld [34] instead of the
usual approach to scattering [35]. In few words, this
can be done by constructing the diffractive part of
the Feynman propagator for the scalar field from
the Regge modes as, for example, in [36].
For the 4-dimensional SDS BH, the location of the photon
sphere rc and the instability parameter ηc are given by
rc = 3M ∈ [rh, rCo]
ηc = 1. (40)
Moreover, it has been shown [20] that, in the eikonal
limit, the Regge poles are given by
λn(ω) =
3
√
3M√
1− 27M2/L2ω + Oω→+∞
(
ω−1
)
. (41)
It is very interesting to note that while rh and ηc are in-
dependent of the cosmological constant, the Regge poles
λn(ω) are clearly dependent on Λ through L. As a con-
sequence, if the source and the observer are not in larger
distances from the lens than rCo and using Eqs. (36) and
(41), then the cosmological constant should also affect,
from a semiclassical framework, the strong gravitational
lensing in agreement with the analysis of [37]. More pre-
cisely, due to the large value of L, on can perform a Taylor
expansion of Eq. (36) which then reads as the singular
part of the deflection function for the usual 4-dimensional
Schwarzschild BH case, plus a perturbative, intrinsic L-
dependent term
Θsing(b, L, ω) = ΘsingSchw(b, ω) +
27M2
2L2
(
b
3
√
3M
− 1
) , (42)
where ΘsingSchw(b, ω) is
ΘsingSchw(b, ω) = − ln
(
b
3
√
3M
− 1
)
− ln
(
3
√
3Mω
)
. (43)
It should be noted that the intrinsic L-dependent term
and the intrinsic Schwarzschild term have opposite signs,
as expected. However, the contribution of Λ to the sin-
gular part of Θ is very small. Indeed, we know from cos-
mology that Λ ≈ 10−52m−2. Therefore, for BH of mass
M = 10M⊙ to 106M⊙, the ratio M2/L2 is of the order
of 10−44 to 10−34, so ridiculously small that one would
be led to consider huge BH of masses M ≈ 1020M⊙ to
observe the first effects of this local contribution. This
is precisely where our semiclassical analysis reaches its
limit. As a local study (near the maximum of the Regge-
Wheeler potential), it does not bring any information
about the global contributions (distant regions from the
BH) in strong lensing, i.e. about terms that should also
depend for example, on the distances between the source,
the lens and the observer. More precisely, for the SdS
case, as suggested in [37–39], those terms would be at
the origin of more reasonable effects of the cosmological
constant in gravitational lensing, and hence shall be the
purpose of a future work on the semiclassical SDL.
VI. CONCLUSION
The approach developed in this paper is an attempt to
describe two important features of the scattering theory
by BH originating close to the photon sphere, namely
the strong gravitational lensing and the QNM, in a semi-
classical unified scheme. More precisely, we considered
a massless scalar field theory on a 4-dimensional, static
8and spherically symmetric geometry endowed with a pho-
ton sphere. We used a first-order WKB approximation
adapted to the two turning points problem of BH physics,
near the maximum of the Regge-Wheeler potential, i.e.
close to the photon sphere, to solve the associated radial
wave equation. From the WKB real phase shifts, we were
then able to evaluate the divergent part of the semiclas-
sical deflection function, emphasizing the key role of the
function E(ℓ, ω) which, from an analytical extension into
the complex λ-plane of CAM theory, allows also to com-
pute the Regge poles and hence, to obtain the QNM com-
plex frequencies. Therefore, in this semiclassical frame-
work, we were finally able to prove what was still a formal
identification between the main quantities appearing in
Bozza’s SDL and in the eikonal limit of QNM frequen-
cies. At first-order, our analysis also sheds a new light
on new effects in strong lensing, like iridescence and the
role of the cosmological constant. However, our main
result is an intrinsic feature of the semiclassical SDL,
derived from a “local” analysis (restricted to the near
photon sphere region), independent of the distances be-
tween the source, the lens and the observer. Therefore,
it does not bring any information about what is happen-
ing in more extended regions of spacetime, where some
interesting effects seems to occur as well, especially due
to the cosmological constant. Finally, it is important to
note that our analysis is only a first step to understand
strong gravitational lensing by BH, from a semiclassi-
cal perspective. In the future, it would be interesting
first to extend the WKB analysis to higher orders, to
see the effects of the non-linear frequency dependence of
the Regge poles and the effects of their labeling, as far
as it could be relevant to observations and then, to un-
derstand, still in a semiclassical framework, the origin
of the source/lens/observer distances-dependent terms,
which seems also to play an important role.
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